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Third Harmonic Generation Enhanced by Generalized
Kerker Condition in All-Dielectric Metasurfaces

Ai-Yin Liu, Jou-Chun Hsieh, Kuang-I Lin, Snow H. Tseng, and Hui-Hsin Hsiao*

The abundant multipolar resonances in all-dielectric metasurfaces provide a
new paradigm to simultaneously induce strong near-field confinement in the
interior of a nanocavity as well as to manipulate the far-field scattering
property, which is beneficial for the enhancement of nonlinear effects. Here,
third-harmonic generation (THG) of all-dielectric silicon metasurfaces that
sustain dominant electric dipole (ED), toroidal dipole (TD), and magnetic
dipole (MD) moments in near-infrared is numerically and experimentally
studied. The effect of the interplay of these resonant modes on THG is
investigated, and a pronounced THG enhancement is observed when these
modes become spectrally overlapped, corresponding to the generalized Kerker
condition. The constructive interference of the total electric dipole (refers to
the summation of the ED and TD scattered fields) and MD modes results in
the suppression of the backward scattering along with a strong local-field
enhancement inside the dielectric resonators. The simulation (experimental)
results show a 214-fold (17-fold) THG enhancement in the vicinity of the
generalized Kerker condition compared with the signals of the spectrally
separated TD and MD resonances. The silicon-based metasurfaces with their
simple geometry are facile for large-area fabrication and open new
possibilities for the optimization of upconversion processes to achieve
efficient nonlinear devices.
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1. Introduction

Conventionally, the nonlinear effect of
bulk crystals relies on an intensive laser-
pumping source under the fulfilment of
the phase-matching condition to enhance
the intrinsically weak nonlinear response
as well as to produce a strong con-
structive interference effect for the gen-
erated radiation. Thanks to the develop-
ment of nanophotonics, metasurfaces pro-
vide a unique platform for strong light–
matter interaction by squeezing the ex-
ternal electromagnetic field into regions
at a subwavelength scale and thus loosen
the phase-matching condition in nonlinear
conversion. Recently, the high-index dielec-
tric metasurfaces (DMs) have gained much
attention due to their intrinsic low dissipa-
tive loss, which is beneficial to achieve high-
quality-factor (Q-factor) resonances as well
as to sustain large breakdown threshold to
the laser power compared with their plas-
monic counterparts.[1,2] The electric and
magnetic dipole modes, known as Mie reso-
nances, have been widely utilized for more-
efficient third-harmonic generation (THG)

or second-harmonic generation in many different dielectric
nanoresonators made of silicon (Si),[3–6] gallium arsenide
(GaAs),[7–10] titanium dioxide (TiO2),[11] etc. While the Mie res-
onances provide a strong near-field enhancement inside the sub-
wavelength dielectric resonators that is beneficial for the non-
linear effects, the accompanied radiative loss of these low-order
modes intrinsically limits the overall nonlinear conversion effi-
ciency.

In order to minimize the radiative leakage, the interplay be-
tween resonant modes has been explored to sustain high Q-factor
resonances with narrower linewidths through different coupling
mechanisms such as Fano resonances[6,12,13] and quasi-bound
states in the continuum (quasi-BICs).[14–19] In addition, the in-
terference of dipolar resonances can be utilized to control the
far-field scattering directly based on Kerker effects.[20] As the
scattered fields of the electric dipole (ED) and magnetic dipole
(MD) modes exhibit an opposite parity, the constructive or de-
structive interference of these dipolar resonances results in ei-
ther the suppression of backward scattering or near-zero for-
ward scattering, known as the first and second Kerker condi-
tions, respectively.[21–23] Recently, the employ of multipolar res-
onances leads to the generalized Kerker effect, which opens a
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new paradigm for exotic scattering pattern shaping. For exam-
ple, the coherent interplay of the ED, MD, electric quadrupole
(EQ), magnetic quadrupole (MQ) modes were demonstrated to
achieve a transverse scattering pattern that simultaneously sup-
presses both the forward and backward scattering.[24]

Similar subradiated property along with a strong near-field
confinement can also be observed for anapole modes (AMs), but
the mechanism of the AM is totally distinct from that of trans-
verse Kerker scattering. The AM is attributed to the destructive
interference between the toroidal dipole (TD) and ED moments.
The TD moment, known as the vortex distribution of MDs, is
originated from currents flowing on the surface of a torus along
its meridian.[25–27] Owing to the similar radiation patterns be-
tween the TD and ED moments, the destructive interference be-
tween these two modes renders a total suppression of the back-
ward and forward scattering field simultaneously. The nonradia-
tive AM with its strong near-field confinement has been utilized
for various applications such as THG enhancement[11,28–30] and
nanolasers.[31,32] On the contrary, when the ED and TD moments
are in phase and interfere constructively, the coherent sum of the
ED and TD modes, termed as a total electric dipole (TED), be-
haves as a super-dipole.[33,34] The suppression of backward scat-
tering has been demonstrated by the interference of the TED and
MD modes[33,34] or TED and MQ modes.[24,35]

In this paper, we studied the THG of a series of amorphous Si
(a-Si) nanopillar arrays embedded in a spin-on-glass (SOG) layer.
Upon normal excitation of a plane wave, the a-Si nanopillars sus-
tain the ED, TD, and MD resonances in the near-infrared. By vary-
ing the diameters of nanopillars, the spectral distance between
the TD and MD modes can be effectively tuned, and the effects of
each individual resonance and their interplay on THG are inves-
tigated. The multipolar decomposition analysis indicates that the
ED and TD modes are in-phase at the reflection dip, so that the
TED mode behaves as a super-dipole instead of an anapole. The
suppression of backward scattering is attributed to the construc-
tive interference of the TED and MD modes. Such Si-based de-
signs are compatible with the state-of-art complementary metal-
oxide-semiconductor (CMOS) technology and provide a novel
platform to enhance the nonlinear conversion. Meanwhile, the
substantial degrees of freedom for substrate materials are bene-
ficial for the on-chip integration.

2. Results and Discussion

Figure 1 schematically illustrates the unit cell of DMs composed
of a-Si nanopillars with a diameter of D and a fixed height (t) of
350 nm on a glass substrate. The a-Si nanopillars are arranged in
a square lattice with a periodicity (P) of 850 nm. A SOG layer
with thickness of 380 nm is added to fully cover the nanopil-
lars. To investigate the interplay between the resonant modes, a
series of samples with four different diameters (D = 270, 320,
340, and 360 nm) were designed. Upon the illumination of x-
polarized light under normal incidence, the simulated transmis-
sion spectra (see computational details in the Experimental Sec-
tion) shown in Figure 2a display two resonant dips when D is
within the range of 320–360 nm. The multipolar decomposition
analysis indicates that these two transmission dips are referred
to dominant TD and MD resonances, respectively (Figure 2d and
Figure S1, Supporting Information). As shown in the top panel

Figure 1. a) Schematic view of nonlinear Si metasurfaces. The electric-
field distributions: b) at the reflection dip of D = 260 nm and c) at the TD
mode of D = 360 nm.

of Figure 2e, the near-field distribution of the TD mode reveals a
strong enclosed magnetic field profile at the y–z plane cut. The
complete head-to-tail configuration of the MD moments is at-
tributed to the excitation of two out-of-phase MD dipoles pointed
at z direction (MDz) combined with two antiparallel MD mo-
ments along y direction (MDy) within each individual nanopil-
lar, manifesting the resonant profile of the transverse toroidal
mode (see Figure S2, Supporting Information).[36] On the other
hand, a strong magnetic field originated from a circular displace-
ment current loop (white arrows) was induced for the MD mode
in x--z plane (Figure 2f). Meanwhile, the corresponding electric-
field distributions for both of the TD and MD modes display a
strong localized field confined inside the volume of the dielectric
nanoresonator (bottom panels of Figure 2e,f).

By decreasing the diameters of nanopillars, both the TD and
MD resonances start to blueshift, and the MD mode was found
to exhibit a severe spectral shift trend compared with that of TD
mode when D varies. This leads to the shrinkage of the spec-
tral distance between the TD and MD modes for smaller D,
and the two transmission dips are merged to a single dip at D
= 270 nm (Figure 2a). The multipole decomposition analysis
shown in Figure S3 (Supporting Information) also validates this
trend, and one can find the intensities of the scattering power for
both the MD and TD modes increase when they are getting closer
in the spectra. The increasing coupling strength between TD and
MD modes also leads to the enhancement of the electric-field
intensity confined inside the nanocavity for smaller D (Figure
S4, Supporting Information). Then, a series of samples with dif-
ferent diameters were fabricated through the standard electron
beam lithography along with the reactive-ion-etching process (see

Adv. Optical Mater. 2023, 11, 2300526 © 2023 Wiley-VCH GmbH2300526 (2 of 8)

 21951071, 2023, 19, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adom

.202300526 by N
ational T

aiw
an U

niversity, W
iley O

nline L
ibrary on [02/02/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



www.advancedsciencenews.com www.advopticalmat.de

Figure 2. a) Simulated and b) measured transmission spectra for Si nanopillar arrays with four different diameters. c) SEM images of the fabricated
sample at the top (upper) and lateral (lower) cross-sectional views. d) The calculated scattering power of each individual electromagnetic multipole
moment for D = 360 nm. The five strongest multipoles are shown for P: electric dipole, m: magnetic dipole, T: toroidal dipole, Qe: electric quadruple,
and Qm: magnetic quadruple. The green and red regions are guides to the eye for the TD and MD resonances, respectively. The magnetic (upper) and
electric (lower) field distributions for D = 360 nm at: e) the TD resonance and f) the MD resonance. Pink curves in (e) refer to the orientation of the
magnetic field, and white arrows in (f) refer to the orientation of displacement currents.

fabrication detail in the Experimental Section). The top and lat-
eral cross-sectional scanning electron microscopy (SEM) images
of the fabricated nanopillar arrays prior to the coverage of the
SOG layer are displayed in Figure 2c, respectively. The transmis-
sion spectra of DMs were then characterized by an in-house–
built microscope equipped with a near-infrared spectrometer (see
linear optical measurement in the Experimental Section). As
shown in Figure 2b, the measured transmission spectra agree
well with the simulated results, while the broadening of the res-
onant linewidths in the measured spectra may refer to the in-
evitable surface roughness and dimension variation for the fab-
ricated samples.

To perform a comprehensive study of the geometry effect to
the evolution of multipolar resonances, Figure 3a shows the cal-
culated reflection spectra map as a function of nanopillar diame-

ters. In addition to the shrinking distance between the reflection
peaks of the TD and MD modes for smaller D, one can observe a
reflection dip occurs at 𝜆= 1225 nm for D = 260 nm (highlighted
by a white dashed circle). As aforementioned, both the general-
ized Kerker effects and the anapole mode can cause a suppression
for the backward scattering. To reveal the underlying physics for
this reflection dip, we analyzed the phase response of the scat-
tering field contributed from the multipolar moments. Upon the
incidence of x-polarized light, the backward radiated electric field
to the far-field region in Cartesian coordinates (EBW) can be ex-
pressed as[37]

EBW =
ik0

2A𝜀0

(
px + ik0Tx −

my

c
+

ik0

6
Q (e)

xz −
ik0

2c
Q (m)

xz

)
(1)
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Figure 3. Nonlinear optical properties of Si metasurfaces. a) Simulated reflection spectra of Si metasurfaces as a function of D. b) The summation
of scattering field (blue curve) and the phase difference (red circles) between the ED and TD moments for D = 260 nm. c) Top panel: The scattering
power of the TED mode (black curve) and the MD mode (blue curve) for D = 260 nm. Bottom panel: The direct power sum (Isum) and the coherent
superposition (Icoh,sum) of TED and MD modes for D = 260 nm. The black-dashed line indicates the spectral position of the reflection dip at 𝜆= 1225 nm.
d) The integrated |E(3𝜔)|2 as a function of D at the TD (blue circles) and MD (red circles) resonances, respectively. e) The cross-sectional (y–z plane)
electric-field distributions at the TH wavelength for D = 260 nm (left) and 360 nm (right), respectively, under an input power of 1 W.

where A is the area of one metasurface unit cell, and 𝜖0, k0, and
c are the permittivity, wavenumber, and light speed in vacuum,
respectively. P, m, T, Q(e), and Q(m) refer to the ED, MD, TD, EQ,
and MQ moments, respectively. As shown in Figure 3b, the cal-
culated phase difference between the scattering field of the TD
and ED modes indicates they are in-phase at the reflection dip
(dashed line), corresponding to a maximum of the absolute value
for the coherent summation of the TD and ED scattering field, de-

noted as |ETED| = | ik0px

2A𝜀0
+ −k2

0Tx

2A𝜀0
|= |Ep + ET|. The constructive in-

terference between ED and TD contributions indicates that TED
behaves as a super-dipole at this wavelength, and the suppression
of reflection here is not attributed to an AM.

Next, we further took into account the contribution of the MD
mode and found both of the scattering power for the TED and
MD modes exhibit peaks with an equal magnitude at the reflec-
tion dip (upper panel in Figure 3c). In order to examine the in-
terplay of these two moments, the direct power sum (Isum) and

coherent superposition (Icoh,sum) of the TED and MD modes were
evaluated as,[34]

Isum = ||ETED
||2 + ||EMD

||2 (2)

Icoh,sum = ||ETED + EMD
||2

= ||ETED
||2 + ||EMD

||2 + 2 ||ETED
|| ||EMD

|| cos (𝜑) (3)

where ETED and EMD are the scattering field of the TED and MD
moments, and 𝜑 is the phase difference between the TED and
MD moments. As shown in the lower panel of Figure 3c, the
larger value of Icoh,sum compared with Isum indicates the TED
and MD moments interfere constructively. Since the scattering
electric field generated by the TED and MD moments displays
an opposite parity in the plane of incidence,[35] the construc-
tive interference of the TED and MD modes results in the
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Figure 4. a) Measured THG spectra under different laser wavelength with a fixed initial input power of 100 mW. Color curves refer to the THG signal
profile under different fundamental excitation wavelengths, and the black-dashed curve represents the envelope of the color curves. Measured THG
spectra for samples with a diameter of: b) 270 nm, c) 320 nm, d) 340 nm, and e) 360 nm. f) Comparison of the peak intensity for the measured THG
signal among these samples.

suppression of backward scattering, which is also validated by
the calculated far-field radiation pattern (Figure S5, Supporting
Information). In addition, one can observe the constructive in-
terference of the TED and MD modes not only causes the sup-
pression of backward scattering but also leads to a remarkable
electric-field enhancement (Figure 1b) larger than that of the TD
resonance (Figure 1c).

In order to make a theoretical prediction for the effect
of the generalized Kerker-type scattering in boosting up the
nonlinear conversion, a two-step nonlinear numerical model
based on a perturbation theory was implemented to calculate
the THG signals.[38] First, the electric field at the fundamen-
tal wavelength (FW) was calculated by the linear electrody-
namic simulations. Then, the obtained electric field was em-
ployed to calculate the nonlinear polarization current as a new
source for the nonlinear model through the relation of Pi(3𝜔) =∑
j,k,l

𝜒
(3)
ijkl Ej(𝜔) Ek(𝜔) El(𝜔), where E(𝜔) refer to the electric field at

the FW, P(3𝜔) is the nonlinear polarization at the TH wavelength,
and𝜒 (3) is the third-order susceptibility. The value of 𝜒 (3) is imple-
mented as 2.45 × 10−19m2V−2 for a-Si, and we only considered
the dominant elements of 𝜒 xxxx = 𝜒 xxzz = 𝜒 xxyy = 𝜒 yyyy = 𝜒 yyzz
= 𝜒 yxxy = 𝜒zzzz = 𝜒zyyz = 𝜒zxxz due to the cubic crystallographic
point group of a-Si.[39–41] By solving the electrodynamic model at
the TH frequency again, we obtained the nonlinear response of
DMs. The THG signal was then evaluated by integrating the cal-

culated THG electric field over the whole nanocavity volume (i.e.,
ITHG ∝ ∫ |E(3𝜔)|2dv). As shown in Figure 3d, the calculated THG
intensities (ITHG) for samples at the respective TD (blue circles)
and MD (red circles) resonances exhibit the same order of mag-
nitude when these two modes are well spectral–separated corre-
sponding to a range of D beyond 300 nm. A remarkable THG
enhancement occurs when the TD and MD modes become indis-
tinguishable in the spectra (D = 270 nm) and reaches a maximal
value when the TED and MD modes are spectrally overlapped and
interfere constructively (D = 260 nm). The sharp variation of the
THG intensity on the nanopillar size renders an enhancement of
98-fold for D = 270 nm and 214-fold for D = 260 nm, respectively,
compared with that of D = 360 nm at TD resonance. Such giant
enhancement can also be observed from the calculated nonlin-
ear electric-field distributions at the TH wavelength (|E(3𝜔)|). As
shown in Figure 3e, the |E(3𝜔)| of D = 260 nm exhibits beyond
one order of magnitude stronger than that of the TD resonance
for D = 360 nm.

Next, the THG intensity for a series of a-Si nanopillar ar-
rays was measured by an in-house– built multiphoton excita-
tion microscope combined with an optical parametric oscillator
(OPO) pumped by a mode-locked Ti:sapphire laser source. The
reflected THG intensity was captured through four photomulti-
plier tubes (see THG measurement in the Experimental Section
and Figure S7, (Supporting Information). As shown in Figure 4a,
the excitation wavelength of the input laser beam was varied to

Adv. Optical Mater. 2023, 11, 2300526 © 2023 Wiley-VCH GmbH2300526 (5 of 8)

 21951071, 2023, 19, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adom

.202300526 by N
ational T

aiw
an U

niversity, W
iley O

nline L
ibrary on [02/02/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



www.advancedsciencenews.com www.advopticalmat.de

measure the THG response in the vicinity of the TD resonance
for each sample with a sampling wavelength of 5–10 nm. We cal-
ibrated the initial input power of the laser beam to retain a value
of 100 mW at each fundamental excitation wavelength, so the
measured TH signals can be compared directly. As shown from
Figures 4b–4e, the spectral positions of the THG peaks redshift
for samples with larger diameters in accordance with the spectral
variation of the TD resonance. Figure 4f summarizes the mea-
sured peak value of the THG intensity for each sample. The THG
intensity increases slightly when TD and MD modes are getting
closer for samples with D varied from 360 to 320 nm and has
a substantial enhancement when these two modes become spec-
trally indistinguishable for the case of D= 270 nm. The measured
THG intensity for D = 270 nm in the vicinity of the generalized
Kerker effect exhibits an 17-fold enhancement compared with the
signal of D = 360 nm at the TD resonance. The trend of the mea-
sured THG intensity among these samples shows good corre-
spondence to our numerical analysis (Figure 3d). The relatively
small THG enhancement compared with the numerical predic-
tion may be attributed to the fact that the near-field inside the
dielectric cavity has a significant intensity variation at the range
when the TED and MD modes become spectral indistinguish-
able (Figure S4, Supporting Information). Since the spectral dis-
tance between these modes is controlled by the nanopillar diam-
eters in our case, a slight detuned diameter of fabricated sam-
ples will cause a sharp variation of THG intensity in the vicin-
ity of the generalized Kerker condition, which can also be ob-
served from our numerical prediction for the cases around D
= 260 nm (Figure 3d). In addition, it is also interesting to com-
pare the THG intensity arisen from the generalized Kerker con-
dition and the anapole state since both of them exhibit the subra-
diant property along with a near-field enhancement. As shown
in Figure S6 (Supporting Information), the calculated magni-
tude of the electric field at the generalized Kerker condition is
much larger than that of the AM. We also measured the THG
signal at the AM of 𝜆 = 1250 nm for D = 360 nm and found the
THG intensity in the vicinity of the generalized Kerker condition
for

D = 270 nm is 116 times larger than that of the AM for D =
360 nm.

Finally, the dependence of the measured output power on the
pump power for the metasurfaces was investigated. Figure 5a dis-
plays the measured THG under different initial excitation power
varied from 20 to 250 mW at 𝜆 = 1280 nm for D = 270 nm. For
the average input powers below 140 mW, the THG power fol-
lows the expected trend of a cubic dependence on the FW exci-
tation power with a slope of 3.05 (Figure 5b). For higher pump
intensities, the dependence shows a typical saturation behavior,
which may arise from the laser-heating effect that causes a small
refractive-index change of a-Si resonators and leads to the reso-
nant wavelength shift.[11,28,29] Similar process was also conducted
for the sample of D = 360 nm and acquires a slope of 3.12. The
absolute THG conversion efficiency defined as 𝜂TH = PTH/Pin,
where PTH is the collected THG emission power and Pin is the
input pump power, was estimated to be 2.2 × 10−6 at the aver-
age pump power of 12 mW for D = 270 nm (peak pump inten-
sity of 23.3 GW cm−2). The peak power intensity was calculated
based on the temporal pulse width, the repetition rate, and the
spot size of the fundamental beam. Since 𝜂TH increases quadrat-

Figure 5. a) Measured THG spectra under different excitation power and
b) the log–log plot for D = 270 nm (blue circles) and 360 nm (red circles)
under a pump wavelength of 1280 and 1325 nm, respectively. The dashed
lines are fitting data with a third-order power dependence.

ically with the pump power,[29] the normalized conversion effi-
ciency defined by 𝜉TH = Ppeak−TH∕P3

peak−in (Ppeak − TH is the peak
TH power; Ppeak − in is the peak pump power)[42] was also evalu-
ated under the assumption that the pulse duration time of THG
signal is the same as the pump laser and yields a value of 4.05 ×
10−12 W−2.

3. Conclusion

We designed an all-dielectric Si metasurface to investigate the
interplay of the ED, TD, and MD modes in affecting the THG
signals. The spectral distance between the TD and MD modes
is tailored by the diameters of nanopillars. When these multi-
poles are spectral overlapped, the constructive interference of
the TED and MD modes leads to a significant suppression of
reflection as well as a strong near-field localization inside di-
electric nanoresonators. Our simulation (experimental) results
show a 214-fold (17-fold) THG enhancement in the vicinity of
the generalized Kerker condition compared with the signal of
the TD resonance. In addition, the measured THG signal for
D = 270 nm close to the generalized Kerker condition shows
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116 times enhancement than that for D = 360 nm at the AM.
The measured TH signals were verified and demonstrated a cu-
bic dependence on the excitation power. We believe the results
potentially pave the way to establishing a new route toward the
optimization of the TH upconversion efficiencies of nonlinear
metasurfaces.

4. Experimental Section
Sample Fabrication: The nonlinear DMs were fabricated by first de-

positing a 350-nm-thick a-Si film on a glass substrate by plasma-enhanced
chemical vapor deposition (Oxford plasmapro system 100). Then, an
electron-beam resist layer (zep520a: Anisole = 1:1) was spin-coated onto
the a-Si film and followed by the spin-coating of an ESPACER layer to
prevent the charging effect during the electron beam lithography (EBL)
process. The pattern was defined by an EBL system (ELS-7000) with an
acceleration voltage of 100 kV and a beam current of 100 pA. The ex-
posure area of each pattern was 150 × 150 μm2. After the exposure,
the sample was rinsed with deionized water to remove the ESPACER
layer and developed in a ZED-N50 solution. Subsequently, a 35-nm-
thick chromium film was deposited via electron-beam evaporation. Af-
ter the lift-off process using N,N-dimethylacetamide (ZDMAC), the pat-
terns were transferred to chromium disks as hard masks for the fol-
lowing reactive ion-etching process using the reaction gas of CF4 and
O2 at RF power of 75 W (SAMCO RIE-10NR). The nanopillars were ob-
tained after the removal of chromium disks with a chromium etchant.
Finally, a layer of spin-on-glass (SOG) was spin-coated on the fabricated
nanopillars.

Numerical Simulation: All simulations were performed using the elec-
tromagnetic numerical simulations based on the finite-element method
(COMSOL Multiphysics software) in the frequency domain to calculate
the linear and nonlinear electromagnetic responses. In the linear model,
the refractive index of the glass substrate, SOG, and a-Si were set to be
1.5, 1.45, and 3.5, respectively. An x-polarized incident light was illumi-
nated normally from the top of the metasurfaces. In addition, a multipole
decomposition method was performed for the analysis of the multipolar
electromagnetic fields to the far-field scattering by integrating the induced
currents over the nanostructures.[43]

⇀
p = 1

i𝜔
∫

⇀

J d3r (4)

⇀
m = 1

2c
∫

⇀
r ×

⇀

J d3r (5)

⇀

T = 1
10c

∫

[(
⇀
r ⋅

⇀

J
)
− 2r2

⇀

J
]

d3r (6)

⇀

Q
(e)

𝛼𝛽
= 1

2i𝜔
∫

[
r𝛼 J𝛽 + r𝛽 J𝛼 −

2
3

(
⇀
r ⋅

⇀

j
)
𝛿𝛼𝛽

]
d3r (7)

⇀

Q
(m)

𝛼𝛽
= 1

3c
∫

[(
⇀
r ×

⇀

J
)

𝛼

r𝛽 +
(

⇀
r ×

⇀

J
)
𝛽

r𝛼

]
d3r (8)

where
⇀
p,

⇀
m,

⇀

T,
⇀

Q
(e)

𝛼𝛽
, and

⇀

Q
(m)

𝛼𝛽
denote as ED, MD, TD, EQ, and MQ mo-

ments, respectively. r is the distance vector from the origin (set to be the
center of the nanopillar in this case) to arbitrary point positions in Carte-
sian coordinates. 𝛼, 𝛽 is x, y, z, and c is the speed of light in a vacuum.
Under x-polarized light illumination, the effective far-field scattering con-
tributed by multipole moments are px, my, Tx, Q(e)

xz , and Q(m)
yz , respectively.

Optical Characterizations—Linear Optical Measurements: The optical
property of samples was characterized by an in-house– built microscope
(10× Infinity Corrected objective, numerical aperture NA= 0.25) equipped
with a near-infrared spectrometer (Ocean optics, InGaAs detector). A halo-
gen lamp was used as the light source to impinge the sample with a focal
spot size of ≈100 μm. A CCD camera was incorporated to the system to
capture the location of the fabricated pattern, and the spectra were mea-
sured by the spectrometer.

Optical Characterizations—Nonlinear Optical Measurements: The third
harmonic generation measurement was performed by using an in-house–
built multiphoton excitation microscope (Figure S7, Supporting Informa-
tion). An OPO combined with a mode-locked Ti:sapphire laser (Coherent
Chameleon Vision II) was employed to produce a tunable excitation light
source with a wavelength range from 680 to 1600 nm. The laser pulse width
was 140–200 fs, and the repetition rate was 80 MHz. The laser pulse was
focused onto the sample with a spot size of 2 μm in diameter by using
a 20× objective with a numerical aperture of 0.8. The backward TH signal
was detected using four photomultiplier tubes along with band-pass filters
to acquire signals in the wavelength of interest.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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